Solutions to Midterm 1 for MATH 226, section 39559

You have 50 minutes.

Name: Date:
Problem Score

41 /10

42 /10

#3 /10

#4 /10

Total /40

(Note that you can earn up to two points of extra credit in Problem 3, part c!)



Problem 1: Consider
f(z,y) = cos(rx® + my?) + sin(mz + 7y?),
where
xr=rcosf and y=rsind,
with » > 0 and 6 € [0, 27).

(a; 5 points) Compute o and When r=2and ¢ = . (Recall cos § = 3, sin§ = \/75)

w

We Compute B and using the chain rule:
g{ gi gjf + g]yf gy (—=3ra?sin(rz® + 7y?) + 7 cos(rx + my*))(cos 0)
+ (—2my sin(ra® + my?) + 4my® cos(mz + my?))(sin 0),

g 3f8:€ afay 2 o; 3 2 ANV o
90 9200 + == 3y 2 = (=3mz”sin(rz” + wy*) + 7 cos(wx + wy~))(—7rsin b)

+ (—2my sin(ra® + my?) + 4wy cos(mx + wy?)) (r cosh).

When r = 2, § = %, we have z = 1, y = /3. Therefore m2® + my*> = 7 + 37 = 47 and

x4+ my* = 7+ 97 = 107. Using this:

of 1 V3 o1 37
0
8£ (2 ) (04 7)(=V3) + (0 +12v/37) - 1 = =371 + 1237 = 11V/37.
(b; 5 points) Approximate, using calculus, the value of f at r = % and 6 = 13?00015 . You

do not have to write your answer as a single fraction.

The linear approximation of f at r =2, 06 = Z is:

Mn®:f<2g>+%£@qﬁ7ud (,g)@——):1+%§@—m+¢h@w@—g).

Evaluating this at the given point, we get.
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Problem 2: Consider the two planes
P:x+y—2z=2, Py : 3z — 4y + 52 =6.

(a; 2 points) Find normal vectors ny, ns to these planes.

We can read normal vectors off by looking at the coefficients on z, y, and z in the defining
equations:

n, = (1,1,-1),  n,=(3,—4,5).

(b; 2 points) Let L be the line of intersection of these planes. Find a point on L. (Hint:
set one of the coordinates equal to 0; this is the intersection of L with a coordinate plane.)

Let’s set z = 0. Then the equations become =z +y = 2, 3z — 4y = 6. The first yields
y = —x + 2; substituting that into the second equation, we have 3z — 4(—x + 2) = 6, hence
7r — 8 = 6, hence x = 2. Now y = —z + 2 yields y = 0. We conclude that (2,0,0) lies on L.

(c; 4 points) Find a vector equation for L. (Hint: to find a point on both planes, try setting
one coordinate to zero, then solving the equations of the planes for x and y.)

We need a vector parallel to L. L lies on both P; and P, hence L is perpendicular to both
n; and ny. It follows that n; x ny is parallel to L. We compute this cross product:

i k
nyxmp=|1 1 —1|=(-4-(5+3),-4—3)=(1,-8,-7).
3 -4 5

A vector equation for L is therefore given by:

(d; 2 points) Find the angle between these planes.
We compute the angle between n; and ns:

0 = COS_1 e = (j()S_1 _—6 — COS_l _@
||| V352 5 )

s
2

This angle is greater than Z (because the dot product is negative). So the angle between

the planes is given by:



Problem 3: Consider the vector function r(t) := (2t*? cost,sint), t > 0.
a; 5 points) Compute the arclength of the curve traced ou r fromt=0tot=1.
5 points) Compute the arclength of th traced out by r from ¢ = 0 to ¢ = 1
First, we compute |r'(t)]:
r = —sint,cost)| = +sin“t 4 cos“t = + L
[/ (#)] = [(¢"/2, —sint, cost)| = V't +sin’t + cos? t = Vi + 1
We use this to compute the arclength:

L:/01|FI(U)|dU=/01\/u—+1du: Ewﬂwz}

a2 -2
e

u=0

(b; 5 points) Compute the reparametrization of r(¢) by arclength, starting from ¢ = 0 and
in the direction of increasing t.

The arclength is given by the following formula (picking up from the previous part):

s(t) = /0 v’ (u)| du = §<t +1)32 — g

We solve for ¢ in terms of s:

2 2 2 2 3
s=§(t+1)3/2—g — —(t+1)3/2:s+§ = (t+1)3/2:§3+1

3
5 2/3

3 2/3

We now write out r(#(s)), which is the reparametrization of r(t) by arclength:

F(t(s)) = 1 ((;s + 1)2/3 _ 1)
— <§ <(%3 + 1)2/3 - 1)3/2,005 <(%s - 1)2/3 - 1) , sin ((%5 + 1)2/3 - 1)> .

(c; 2 points of extra credit) Draw a picture of the curve traced out by r, with justification.

Note that the projection of r(t) to the yz-plane is (0, cost,sint), which is a parametrization
of the unit circle. The first component z(t) = 2t3/2 increases from z = 0 to = 400 as
t ranges over the nonnegative reals. Therefore we get a half-helix centered on the positive
x-axis, where the distance between spirals increases as we move farther from the origin.



Problem 4: A series of small questions. Make sure to justify, in a sentence or two.
(a; 2 points) True or false: the cross product of two 3-dimensional vectors is a scalar.
False! It’s a 3-dimensional vector.

(b; 2 points) True or false: If v, w are any vectors of the same dimension, then v-w makes
sense and is zero exactly when v and w are orthogonal (i.e., perpendicular).

True! This is an immediate consequence of the formula v - w = |v||w|cos 6.
(c; 2 points) True or false: the z-slices of the quadric surface 22 +y — 222 = 1 are ellipses.
False! When we set z = ¢, this equation becomes y = —2? + 2¢? + 1, which is a parabola.

(d; 2 points) Suppose that we are standing at the base of a mountain. We are standing at
the origin (0,0), and the mountain is located at (0,1) (due north). Let E(z,y) denote the
elevation at the point (z,y). What can you say about the sign of %—5(0, 0)7?

This partial derivative represents the rate of change as we hold z constant and increase
y. The elevation is increasing as we move in the direction of increasing y, so this partial
derivative is positive.

(e; 2 points) True or false: if f(z,y) = 22, then Vf(z,y) = 2.

False! The gradient is a vector, and in this case we have V f(x,y) = (2z,0).



